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Discrete Random Variables and Expectation 

 
Measures of Average and Spread for a Discrete Random Variable 

 

Expectation  𝐸𝐸(𝑋𝑋) = �𝑥𝑥𝑖𝑖𝑝𝑝𝑖𝑖
𝑖𝑖

 

Variance 
𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) = �𝑥𝑥𝑖𝑖2𝑝𝑝𝑖𝑖

𝑖𝑖

− �𝐸𝐸(𝑋𝑋)�
2

 

= 𝐸𝐸(𝑋𝑋2) − (𝐸𝐸(𝑋𝑋))2 

Standard Deviation 𝜎𝜎 = �𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) 

Mode The value of 𝑋𝑋 which has the 
largest probability 

Median 𝑃𝑃(𝑋𝑋 ≤ 𝑀𝑀) = 0.5  
𝑃𝑃(𝑋𝑋 ≥ 𝑀𝑀) = 0.5 

 
Functions of Discrete Random Variables 

 
𝐸𝐸(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 𝑎𝑎𝑎𝑎(𝑋𝑋) + 𝑏𝑏 

𝑉𝑉𝑉𝑉𝑉𝑉(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 𝑎𝑎2𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) 

 
Discrete Uniform Distribution 

 

𝑋𝑋~𝑈𝑈(𝑛𝑛) 

𝑃𝑃(𝑋𝑋 = 𝑥𝑥) = 1
𝑛𝑛
 for 𝑥𝑥 = 1,2, …𝑛𝑛 

𝐸𝐸(𝑋𝑋) =
𝑛𝑛 + 1

2
 

𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) =
𝑛𝑛2 − 1

12
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Poisson Distribution 
 

𝑋𝑋~𝑃𝑃𝑃𝑃(𝜆𝜆) 

𝑃𝑃(𝑋𝑋 = 𝑥𝑥) = 𝑒𝑒−𝜆𝜆
𝜆𝜆𝑥𝑥

𝑥𝑥!
 

Mean = 𝜆𝜆 

Variance = 𝜆𝜆 

 
Sum of Independent Poisson Distribution 

 
When 𝑋𝑋~𝑃𝑃𝑃𝑃(𝜆𝜆), 𝑌𝑌~𝑃𝑃𝑃𝑃(𝜇𝜇) and 𝑍𝑍 = 𝑋𝑋 + 𝑌𝑌: 

𝑍𝑍~𝑃𝑃𝑃𝑃(𝜆𝜆 + 𝜇𝜇) 

 
 
 

Type I and Type II Errors 
 

Defining Type I and Type II Errors 
 

Type I Error  𝐻𝐻0 is rejected when it is true 

Type II Error 𝐻𝐻0 is not rejected when it is false 

 
In hypothesis testing: 

significance level = 𝑃𝑃(type I error) = 𝑃𝑃(rejecting H0|H0 is true) 

 
 
 
 
 

https://bit.ly/pmt-cc
https://bit.ly/pmt-cchttps://bit.ly/pmt-edu



 
 
 

Continuous Random Variables 
 

Probability Density Function (PDF) 
 

For continuous random variable 𝑋𝑋 with pdf 𝑓𝑓(𝑥𝑥): 

𝑃𝑃(𝑎𝑎 < 𝑥𝑥 < 𝑏𝑏) = � 𝑓𝑓(𝑥𝑥) 
𝑏𝑏

𝑎𝑎
𝑑𝑑𝑑𝑑 

� 𝑓𝑓(𝑥𝑥) 
∞

−∞
𝑑𝑑𝑑𝑑 = 1 

𝑓𝑓(𝑥𝑥) ≥ 0 for all 𝑥𝑥 

 
Median and Quartiles of a Given Probability Density Function 

 

Lower quartile (𝑄𝑄1) � 𝑓𝑓(𝑥𝑥) 
𝑄𝑄1

−∞
𝑑𝑑𝑑𝑑 =

1
4

 

Median � 𝑓𝑓(𝑥𝑥)
𝑀𝑀

−∞
 𝑑𝑑𝑑𝑑 =

1
2

 

Upper quartile (𝑄𝑄3) � 𝑓𝑓(𝑥𝑥)
𝑄𝑄3

−∞
 𝑑𝑑𝑑𝑑 =

3
4

 

 
Expectation and Variance of a Continuous Random Variable 

 

𝐸𝐸(𝑋𝑋) = � 𝑥𝑥 𝑓𝑓(𝑥𝑥)
∞

−∞
 𝑑𝑑𝑑𝑑 

𝐸𝐸(𝑋𝑋2) = � 𝑥𝑥2 𝑓𝑓(𝑥𝑥) 
∞

−∞
𝑑𝑑𝑑𝑑 

𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) = 𝐸𝐸(𝑋𝑋2) − (𝐸𝐸(𝑋𝑋))2 
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Functions of a Continuous Random Variable 

 

Linear Transformations  𝐸𝐸(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 𝑎𝑎𝑎𝑎(𝑋𝑋) + 𝑏𝑏 
𝑉𝑉𝑉𝑉𝑉𝑉(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 𝑎𝑎2𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) 

General Function  𝐸𝐸�𝑔𝑔(𝑋𝑋)� = � 𝑔𝑔(𝑥𝑥)𝑓𝑓(𝑥𝑥)
∞

−∞
 𝑑𝑑𝑑𝑑 

 
Expectation and Variance of the Sum of Two Independent Random Variables 

 
𝐸𝐸(𝑋𝑋 + 𝑌𝑌) = 𝐸𝐸(𝑋𝑋) + 𝐸𝐸(𝑌𝑌) 

𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋 + 𝑌𝑌) = 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) + 𝑉𝑉𝑉𝑉𝑉𝑉(𝑌𝑌) 

 
  

Chi Squared Tests for Association 
 

Chi squared Values and Degrees of Freedom 
 

Expected frequency 𝐸𝐸𝑖𝑖 =
𝑟𝑟𝑟𝑟𝑟𝑟 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
 

Chi squared value 
𝜒𝜒𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 = �

(𝑂𝑂𝑖𝑖 − 𝐸𝐸𝑖𝑖)2

𝐸𝐸𝑖𝑖𝑖𝑖

 

Degrees of freedom 𝑣𝑣 = (𝑛𝑛𝑛𝑛. 𝑜𝑜𝑜𝑜 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 1)(𝑛𝑛𝑛𝑛. 𝑜𝑜𝑜𝑜 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 1) 

 
Condition on Expected Frequency 

 

For 𝐸𝐸𝑖𝑖 > 5: 𝜒𝜒𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 ~𝜒𝜒𝑣𝑣2 

 
Confidence Intervals 

 
 Confidence interval for 

population mean 𝜇𝜇 
(𝑥̅𝑥 − 𝑧𝑧

𝜎𝜎
√𝑛𝑛

, 𝑥̅𝑥 + 𝑧𝑧
𝜎𝜎
√𝑛𝑛

) 

Width of confidence interval 2𝑧𝑧
𝜎𝜎
√𝑛𝑛
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